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Abstract
A theory for a three-dimensional (3D) continuum composed of continuously distributed fibers is presented. General results are
derived concerning kinematics, a constitutive equation, the uniqueness of the solution to the equilibrium equations, and convexity
conditions. A class of exact solutions is obtained that contains, as a particular case, all homogeneous deformations.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
In this paper, we propose a theory for the mechanical behavior of a 3D continuum composed of perfectly flexible
elastic fibers. The fibers are assumed to be continuously distributed, having contacts and being fixed at nodes, which
deform as material points. This is a realistic assumption for the case of a tight, pre-stressed fiber weave, in which the
friction between intersecting fibers is deemed sufficient to prevent relative slipping. However, the model versatility
readily allows the introduction of friction effects, as well as plasticity. The reference configuration used here is allowed
to be stressed. The main feature of the model is that the properties of the fiber continuum are inherited entirely from
those of the individual fiber families, such that there is no need for a separate constitutive equation for the 3D medium.
Therefore, the only constitutive input required by the theory is the one-dimensional elastic response of the material
for each fiber family, under simple tension.
The present theory has a plethora of applications: filamentary materials without a significant matrix, such as paper,
wire screens and certain types of textiles, wrapped reinforcement for weak structures in which the reinforcement is
not bonded to the structure, wide-mesh networks used in lightweight structures etc. Further, this theory may be used in
biological applications, for example to model cytoskeleton of cells and to design tissue scaffolds. Tissue scaffolds can
be artificially constructed from self-assembled biological materials in 3D organized filamentary media very similar to
the case considered here.
The first work in the mathematical modeling of such a continuum dates back to Tchebychev [1], who studied an
orthogonal network of inextensible fibers (the problem of clothing a surface) (see also Stoker [2]). Later, Rivlin [3] and
Adkins [4] constructed a theory for plane deformations of inextensible networks. Their results are also summarized
in Green and Adkins [5]. Rivlin [6] constructed a theory for curved surfaces, and considered the problem of small
deformations superposed on large deformations. Further work was done by Kuznetsov [7–9] concerning statically
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determinate networks on a given surface, neglecting shear resistance. The kinematics of inextensible nets was studied
by Pipkin [10–12] for finite deformations and the 3D case. Green and Shi [13] studied plane problems for extensible
linearly elastic fibers without shear resistance, and fiber wrinkling. A generalization of their work to nonlinearly elastic
fibers and curved surfaces was made by Steigmann and Pipkin [14]. The incremental response of pre-stressed networks
was treated in Steigmann [15]. The plasticity of fiber networks undergoing infinitesimal plane deformations has been
studied by McLaughlin [16], McLaughlin and Batterman [17] and McLaughlin et al. [18]. A two-dimensional (2D)
version of an elastic-plastic filamentary network was developed by Baesu in [19–21].
Section 2 of the present paper concerns general considerations regarding a 3D fiber medium containing n-families;
particular results are obtained for three-fiber families. Section 3 contains results regarding an exact class of solutions to
the equilibrium equations of such media with three families. Results in convexity, uniqueness and bounding theorems
are presented in Sections 4 and 5, respectively.
2. Kinematics and constitutive response
We consider a two-dimensional continuum consisting of n distinct families of continuously distributed fibers. Let
I = {1, . . . , n} be the index set of the fibers, let L f (X); f O I , be the field of unit vectors tangential to the f th
family of fibers in the reference configuration and let l f (X); f O I , be the field of unit tangents to the same fibers after
deformation. The gradient of deformation is denoted by
F = Fi Aei ⊗ EA; Fi A = ∂xi
∂X A
, (2.1)
where (ei )i=1,2,3 and (EA)A=1,2,3 are two orthonormal bases in the present and reference configurations, respectively.
The right Cauchy–Green deformation tensor is given with the usual notation C = FTF = CABEA ⊗ EB. The fiber
stretch in the f -family is
λ f lf = FLf; λ2f = Lf · CLf. (2.2)
In particular, for three-fiber families (initially orthogonal) we have:
δAB = LA · LB.
We also have
F =
3∑
i=1
λiLi ⊗ Li and C =
3∑
i, j=1
[λiLi ⊗ Li + λiλ j sin γi j (Li ⊗ Lj + Lj ⊗ Li)] (2.3)
with sin γi j = li · lj.
Material symmetry considerations for such an orthotropic medium leads to a general expression for the strain
energy that is dependent on the stretches:
W (F) = W (λ1, λ2, λ3, sin γ12, sin γ23, sin γ32). (2.4)
The symmetry group for this material is the orthotropy group in 3D:
G = {P;P = ±L1 ⊗ L1 ± L2 ⊗ L2 ± L3 ⊗ L3} with any combination of signs.
The strain energy can be simplified through additional assumptions made on physical grounds. It is reasonable to
assume that it takes no energy to shear the fiber network; as such, it is assumed that relevant quantities (such as strain
energy etc.) do not depend on the angles of shear γi j . Therefore, our first simplifying assumption is (H1): the strain
energy is not dependent on the angle of shear γi j , as it is assumed on physical grounds that the local response (the
force transmitted across a unit length of a curve) is unaffected by the response of orthogonal families, mimicking the
behavior of a discrete network. Under this assumption, we have
∂3W
∂λ1∂λ2∂λ3
= 0, ∂W
∂ sin γi j
= 0.
The assumption (H1) leads to a form of (2.4) in which the response of the fibers are separated:
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W = W1(λ1)+W2(λ2)+W3(λ3). (2.5)
The argument for (2.5) runs parallel to the argument presented in [4]. We will also assume (H2): the strain energy
does not have explicit dependence on the position vector x.
The second Piola–Kirchhoff stress tensor, S, has the expression
S = SABEA ⊗ EB = 12
(
∂W
∂EAB
+ ∂W
∂EBA
)
EA ⊗ EB, (2.6)
where E is the Lagrangian strain tensor. We can write
W˙ =
∑
i
∂W
∂λi
λ˙i =
∑
i
∂W
λi∂λi
Li ⊗ Li · E˙ = S · E˙,
such that the emerging expression for S is:
S =
3∑
i=1
∂Wi
∂λi
1
λi
Li ⊗ Li =
3∑
i=1
fi
λi
Li ⊗ Li. (2.7)
Alternatively, the first Piola–Kirchoff stress tensor for the 3D continuous fiber network is
P = FS =
3∑
i=1
fi (λi )li ⊗ Li . (2.8)
We emphasize that the expression (2.8) contains all the information about the continuum inferred from the response
of each fiber family. No separate experiments on the continuum are needed to obtain its mechanical properties.
The Piola–Kirchoff stress vector
p = PN, (2.9)
where N is the unit normal (rightward) to the arclength across which the force p× l (where l is the length of the curve)
is transmitted. The actual force in each fiber of the i th fiber family is
F = fi/(fibers/unit length).
The local form of the equations of equilibrium is
DivP = 0, (2.10)
or, in terms of the Piola–Kirchhoff traction vector,
pm,m = 0, m = 1, 2, 3, (2.11)
where p are the three Piola–Kirchhoff traction vectors given by (2.9) with N = Em. We emphasize again that the
relations (2.5)–(2.9) are valid only for a three-fiber family.
For the case of n-fiber families and, under the same assumptions (H1) and (H2), the strain energy is a function only
of the stretches
W (F) = W (λ1, λ2, . . . , λn), (2.12)
and the Piola stress tensors have the following forms:
P = Pi Aei ⊗ EA =
n∑
f=1
f f lf ⊗ Lf, (2.13)
and
S =
n∑
f=1
s f L f ⊗ Lf; s f = 1
λ f
f f .
The equations of equilibrium are of course still given by (2.10).
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3. A general class of solutions for a three-fiber family continuum
In this section, a general class of solution for the equilibrium equations (2.10) is obtained.
The Piola–Kirchhoff traction stress and traction vectors are Eqs. (2.8) and (2.9) with Li = E1,E2,E3, and pm,
respectively, given from the equilibrium equation (2.11), where
p = PN; p1 = PN1; p2 = PN2; p3 = PN3. (3.1)
From (3.3), the expressions for the traction vectors are
p1 = f1(λ1)l1, p2 = f2(λ2)l2, p3 = f3(λ3)l3. (3.2)
The vectors li and Li are given by (2.2) for i = 1, 2, 3 such that
lm = 1
λm
∂x
∂Xm
(no sum!), (3.3)
and
lm = lmem, m = 1, 2, 3, (3.4)
where {em} is a basis in the present configuration, and
λm =
∣∣∣∣ ∂x∂Xm
∣∣∣∣ . (3.5)
As a result, the Piola–Kirchhoff traction vector can be written as
pm =
1
λm
fm(λm)
∂x
∂Xm
(no sum!). (3.6)
The use of (3.6) in the equilibrium equation (2.10) leads to
p1,1 + p2,2 + p3,3 = 0. (3.7)
From (3.6) and (3.7) the equilibrium equations yield the following set of partial differential equations (PDEs):
3∑
i=1
∂
∂X i
[
1
λi
fi (λi )
∂x
∂X i
]
= 0. (3.8)
A particular solution of the equilibrium equation (3.8) is obtained if
∂
∂Xk
[
1
λk
fk(λk)
∂x
∂Xk
]
= 0 (no sum!) for k = 1, 2, 3. (3.9)
For the assumption (3.9), we then obtain the following set of equations:
1
λ1
f1(λ1)
∂x
∂X1
= g(X2, X3)
1
λk
fk(λk)
∂x
∂Xk
= h(X1, X3)
1
λk
fk(λk)
∂x
∂Xk
= k(X1, X2).
(3.10)
Consequently, a class of particular solutions, x, for (3.10) are obtained next under additional assumptions:
λ1 = f1(X2, X3)
λ2 = f2(X1, X3)
λ3 = f3(X1, X2).
(3.11)
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Standard mathematical manipulations then yield the following particular class of solutions for (3.10):
x = AX3X2X1 + BX2X1 + CX3X1 + DX3X2 + EX1 + FX2 +GX3 +H, (3.12)
where A,B,C,D,E,F,G,H are constants of integration (constant vectors) to be obtained. The expression (3.12)
represents a particular class of solutions to DivP = 0 under the assumptions (3.9) and (3.11).
Next, the tractions necessary for the deformation (3.12) to exist are obtained. In the most general case, the
Piola–Kirchhoff traction vectors for a deformation of type (3.12) are, from (3.6),
p1 = f1(
√
D1)l1; p2 = f2(
√
D2)l2; p3 = f3(
√
D3)l3, (3.13)
with
l1 = AX3X2 + BX2 + CX3 + E
λ1
l2 = AX3X1 + BX1 + DX2 + F
λ2
l3 = AX2X1 + CX1 + DX2 +G
λ3
.
(3.14)
Here, the stretches are λi =
√
Di , i = 1, 2, 3, and
D1 = (A · A)X23X22 + 2(A · B)X22X3 + 2(A · C)X23X2
+ 2(A · E)X3X22 + (B · B)X22 + 2(C · B)X3X2 + 2(E · B)X2 + (C · C)X23 + 2(C · E)X3 + (E · E)
D2 = (A · A)X23X22 + 2(A · B)X21X3 + 2(A · D)X23X1 + 2 [(A · F)+ (B · D)] X3X1
+ (B · B)X21 + 2(F · B)X1 + (D · D)X23 + 2(D · F)X3 + (F · F)
D3 = (A · A)X22X21 + 2(A · C)X21X2 + 2(A · D)X22X1 + 2 [(A ·G)+ (C · D)] X2X1
+ (D · D)X22 + 2(C ·G)X1 + (D · D)X22 + 2(C · C)X21 + (G ·G).
(3.15)
As an example, take: E, F, G 6= 0 and the rest of the constants to be zero. The constant H, which represents a rigid
body translation, does not play any role in obtaining the tractions.
In this case we have D1 = E · E; λ1 =
√
E · E; l1 = E√E·E , and the Piola tractions
p1 = f1(
√
E · E) E√
E · E
p2 = f2(
√
F · F) F√
F · F
p3 = f3(
√
G · G) G√
G · G .
(3.16)
This is a homogeneous deformation with constant tractions on the boundary.
4. Convexity
The energy criterion for elastic stability states that stable configurations minimize the potential energy of
deformation in a class of kinematically admissible deformations.
The potential energy is given by the expression
E[χ ] =
∫ ∫
Ω
∫
W (F)dΩ (4.1)
where χ is a kinematically admissible configuration of the initial 3D domain Ω . We are looking for necessary
conditions for the existence of a local minimizer χ(x); that is
E[χ ] ≤ E[χ +∆χ ] (4.2)
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with |∆χ(x)| < ε,∀x ∈ Ω , and ∆χ = 0 on ∂Ωχ .
A theorem due to Graves [23] requires that F(x) satisfy the rank-1 convexity condition:
W (F(x)+ a⊗ b)−W (F(x))− T(F(x)) : a⊗ b ≥ 0, for ∀a,b vectors. (4.3)
As we are interested in sufficient conditions for stability, we will attempt to obtain sufficient conditions for convexity.
For background on convexity results, we refer to [24,25]. A standard argument yields necessary conditions of rank-1
convexity. For a three-family continuum network, pick three vectors ai , bi , i = 1, 2, 3, as follows:
ai = (λ∗i − λi )ei ; bi = Li . (4.4)
Using the expression (2.3) for F, we have successively
F+ a1 ⊗ b1 = λ∗1l1 ⊗ L1 + λ2l2 ⊗ L2 + λ3l3 ⊗ L3
F+ a2 ⊗ b2 = λ1l1 ⊗ L1 + λ∗2l2 ⊗ L2 + λ3l3 ⊗ L3
F+ a3 ⊗ b3 = λ1l1 ⊗ L1 + λ2l2 ⊗ L2 + λ∗3l3 ⊗ L3.
(4.5)
Further elaboration on (4.3) and the use of (4.5) and (2.5) yield (4.6) as a necessary convexity condition for rank-1
convexity:
W1(λ∗i )−W2(λi ) ≥ (λ∗i − λi ) fi (λi ). (4.6)
Thus, the rank-1 convexity condition (4.3) implies the inequalities (4.6). We are now in a position to prove the
following theorem:
Theorem 1. For a 3D continuum network formed by three-fiber families, if the force in each fiber family is positive
and if the inequalities (4.6) are satisfied for any λ∗ > 0, then the strain energy of this material is convex, i.e.
W (F∗)−W (F)− P(F) : (F∗ − F) ≥ 0, for any F∗ with detF∗ > 0. (4.7)
Proof. The relation (4.7) can be written as
3∑
i=1
[
Wi (λ∗i )−Wi (λi )− fi (λi )li ⊗ Li : λ∗i l∗i ⊗ Li
] = 3∑
i=1
[
Wi (λ∗i )−Wi (λi )− fi (λi )
[
λ∗i l∗i · li − λi
]]
≥
3∑
i=1
[
λ∗i
[
1− l∗i · li
]
fi (λi )
] ≥ 0. 
Furthermore, the previous theorem proves that the energy of the material being convex furnishes sufficient conditions
for the stability of the material. It is interesting to mention that, for a 2D continuum of two-fiber families, there is an
equivalence between the stability of the material (in the sense of the existence of a local minimizer) and the positivity
of the forces in each fiber (see Baesu [19–21]). However, this equivalence does not hold in the 3D case.
5. Uniqueness
As is customary (Hill [22]), we assume that there are two different solutions to the equilibrium equations, say x1
and x2, of gradients F1 and F2, respectively, satisfying the same boundary conditions. We also assume that we have
the strict convexity conditions (4.7) satisfied (as given by the previous theorem). Let us write (4.7) for two choices of
Fs, F∗ = F1 and F∗ = F2, with F1 6= F2:
W (F1)−W (F2)− P(F2) · (F1 − F2) > 0
W (F2)−W (F1)− P(F1) · (F2 − F1) > 0,
which, added together, yield[
Pˆ(F1)− Pˆ(F2)
]
· [F1 − F2] > 0, for F1 6= F2. (5.1)
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Next, we can write the equilibrium equation (2.10) for two different Fs and integrate them over the domain Ω :∫
Ω
DivP(F2(1)) · xdΩ =
∫
Ω
DivPT · xdΩ −
∫
Ω
P(F2(1)) · grad x2(1)dΩ
=
∫
∂Ωp
x2(1) · p2(1)da +
∫
∂Ωx
x2(1) · p2(1)da −
∫
Ω
P(F2(1)) · grad x2(1)dΩ . (5.2)
The boundary integral vanishes, as the two solutions would have to satisfy the same boundary conditions. From (5.1)
and (5.2), we obtain∫
Ω
[P(F1)− P(F2)] [F1 − F2] > 0
which is impossible. This means that the two solutions cannot be different; thus, we have uniqueness.
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